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Proton decay is a smoking gun signature of Grand Unified Theories (GUTs). Searches by Super-
Kamiokande have resulted in stringent limits on the GUT symmetry breaking scale. The large-
scale multipurpose neutrino experiments DUNE, Hyper-Kamiokande and JUNO will either discover
proton decay or further push the symmetry breaking scale above 1016 GeV. Another possible ob-
servational consequence of GUTs is the formation of a cosmic string network produced during the
breaking of the GUT to the Standard Model gauge group. The evolution of such a string network
in the expanding Universe produces a stochastic background of gravitational waves which will be
tested by a number of gravitational wave detectors over a wide frequency range. We demonstrate
the non-trivial complementary between the observation of proton decay and gravitational waves
produced from cosmic strings in determining SO(10) GUT breaking chains. We show that such
observations could exclude SO(10) breaking via flipped SU(5) × U(1) or standard SU(5), while
breaking via a Pati-Salam intermediate symmetry, or standard SU(5)×U(1), may be favoured if a
large separation of energy scales associated with proton decay and cosmic strings is indicated.
I. INTRODUCTION
Grand Unified Theories (GUTs) combine the strong,
weak and electromagnetic gauge forces of the Standard
Model (SM) into a simple gauge group under which the
fermions transform. In such a framework, a larger under-
lying gauge symmetry is subsequently broken to the SM
gauge group, GSM = SU(3)C × SU(2)L × U(1)Y , either
directly or via some symmetry breaking pattern. Fol-
lowing the Pati-Salam [1] and SU(5) [2] proposals, many
models have been considered. Of particular interest are
the SO(10) GUTs [3] which predict neutrino masses and
mixing and are based on a simple gauge group.
A well known phenomenological prediction of grand
unification is proton decay. At low energies, higher-
dimensional baryon-number-violating (BNV) operators
are induced, leading to proton decay [4–10]. Super-
Kamiokande has set stringent constraints on typical de-
cay channels such as p → pi0e+ and K+ν¯ with the pro-
ton lifetime exceeding 1034 years [11, 12]. There are
even more exciting prospects in store during the current
decade due to the rich programme of upcoming large-
scale neutrino experiments, namely DUNE [13], Hyper-
Kamiokande [14] and JUNO [15], which will be at the
frontier of BNV searches.
Another generic consequence of GUTs is the produc-
tion of topological defects when the GUT undergoes
spontaneous symmetry breaking (SSB) to the SM gauge
group [16]. Some of these, such as monopoles, need to
be inflated away in order not to overclose the Universe.
However, cosmic strings associated with the breaking of a
U(1) symmetry, which can be a gauged subgroup of the
GUT [17], can remain until late times and have obser-
vational consequences. The cosmic strings (cs) produced
during the series of SSBs are expected to produce gravita-
tional waves (GWs) via the scaling of the string network
[17–19]. These signals form a stochastic GW background
(SGWB) today with an abundance proportional to the
square of the U(1) SSB scale, Λcs. The observation of
such events provides a unique probe of physics at remark-
ably high scales. As such there has been recent interest
in using the GWs produced from cosmic string scaling as
a means of probing leptogenesis [20] and GUTs [21].
In this Letter we discuss the non-trivial complementar-
ity between observing proton decay and GWs produced
from cosmic strings in GUTs. In particular, we focus
on the implications of these twin observations for deter-
mining possible SO(10) GUT breaking chains. While
searches for proton decay (pd) set a lower bound on the
UV-complete scale Λpd of BNV operators associated with
proton decay, the GW observations are expected to place
an upper bound on Λcs. Moreover, in order to avoid un-
wanted topological defects (monopoles and domain walls)
we assume an inflationary epoch, at scale Λinf , in order
to inflate away such undesirable objects. We explore the
role of experimental searches for proton decay and GWs
in determining these three scales: Λcs, Λpd and Λinf .
In Section II, we compare the scale of proton decay
and cosmic string formation for different breaking chains
of SO(10). The synergy between observation of proton
decay and GWs is discussed quantitatively in all possible
SO(10) breaking chains in Section III. Finally we sum-
marise and discuss our results in Section IV.
II. TERRESTRIAL AND COSMIC
SIGNATURES OF GUTS
SO(10) is the minimal simple GUT which offers the
possibility of cosmic string generation. The breaking of
this group to the SM gauge group can occur in various
ways as summarised in Fig. 1. All breaking chains are
shown or can be obtained by removing the various in-
termediate symmetries. The following abbreviations for
symmetries that may be conserved at an intermediate
ar
X
iv
:2
00
5.
13
54
9v
1 
 [h
ep
-p
h]
  2
7 M
ay
 20
20
2scale during SO(10) breaking to GSM are used:
G51 = SU(5)× U(1)X ,
Gflip51 = SU(5)flip × U(1)flip ,
G3221 = SU(3)C × SU(2)L × SU(2)R × U(1)B−L ,
G3211 = SU(3)C × SU(2)L × U(1)R × U(1)B−L ,
G′3211 = SU(3)C × SU(2)L × U(1)Y × U(1)X ,
G421 = SU(4)C × SU(2)L × U(1)Y ,
G422 = SU(4)C × SU(2)L × SU(2)R . (1)
Note that G3211 and G
′
3211 are completely equivalent
[22]. All possible SO(10) cases can be classified into four
types denoted as (a), (b), (c) and (d) in Fig. 1. Types
(a), (b) and (c) are models broken via standard SU(5),
flipped SU(5)×U(1)[23–26] and Pati-Salam G422 [27] re-
spectively. Cases with SU(5) as intermediate symmetry,
without a U(1) symmetry, are classified as type (d). The
scales of proton decay Λpd and cosmic strings Λcs are im-
portant testable parameters which we discuss in detail in
the following.
A. Proton Decay in SO(10). As quarks and leptons
are arranged in common multiplets in GUTs, heavy new
states which mediate BNV interactions are introduced.
At the low energy scale, these heavy states are integrated
out and this induces higher-dimensional BNV operators
which lead to proton decay.
In SUSY extensions of the SM, other renormalisable
terms not directly related to the GUT scale can also trig-
ger proton decay. SUSY BNV operators are stringently
constrained by experimental bounds on the proton life-
time and an R-parity symmetry is introduced to forbid
them: SM particles and their superpartners have even
and odd charges respectively (see Ref. [28] for a review).
We shall first focus on the operators which have a
direct connection with the GUT breaking scale. The
dimension-six operators arising from gauge contributions,
which respect GSM, are given by
αβ
Λ21
[
(ucRγ
µQα)(dcRγµLβ) + (u
c
Rγ
µQα)(ecRγµQβ)
]
(2)
+
αβ
Λ22
[
(dcRγ
µQα)(ucRγµLβ) + (d
c
Rγ
µQα)(νcRγµQβ)
]
,
where colour indices have been suppressed, α, β denote
SU(2)L indices and Λ1, Λ2 are the UV-complete scales
of the GUT symmetry [4–8]. Λ1 and Λ2 may differ from
each other depending on the breaking chain. In general,
the lower of these two scales will mediate the dominant
proton decay channel and to simplify our discussion we
define the lower scale to be Λpd. For types (a) and (d),
Λ1 and Λ2 correspond to the SU(5) and SO(10) breaking
scales, respectively, and thus Λ1 < Λ2, while for type (b),
Λ2 < Λ1. As for type (c), Λ1 = Λ2 and there is only a
single proton decay scale.
These operators induce a series of proton decay chan-
nels. The most stringently constrained is p → pi0e+ as
determined by Super-Kamiokande, τpi0e+ > 1.6 × 1034
years (90% C.L., 100% branching ratio assumed) [12].
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FIG. 1. The breaking chains of SO(10) to GSM are shown
along with their terrestrial and cosmological signatures where
Gx represents either G3221 or G421. Cosmic strings are shown
as blue solid arrows, while other unwanted topological defects
(monopoles or domain walls) are denoted as red dotted ar-
rows. Topological defects from the direct breaking of SO(10)
to SU(5) are different depending on if SUSY is introduced.
Removing any intermediate symmetry may change the exact
type of topological defect but unwanted topological defects
are always involved. An inflation era is necessary, during or
after the formation of unwanted topological defects and the
highest possible scale of inflation, which removes unwanted
defects, is assumed in this diagram. Observable gravitational
waves are generated via cosmic strings if they are not inflated
away.
The proton lifetime based on this channel is directly
correlated with the proton decay scale via τpi0e+ '
8× 1034 years× (Λ1/1016 GeV)4 [29] or 7× 1035 years×
(Λ2/10
16 GeV)4 [30] which places the lower limits of
Λ1 > 6.7 × 1015 GeV and Λ2 > 3.9 × 1015 GeV, re-
spectively. Hyper-Kamiokande offers at least an order of
magnitude improvement and aims to achieve a limit of
τpi0e+ & 1035 years [14] which will further push the lower
bound of Λ1 above 10
16 GeV.
In SUSY GUTs, there are additional dimension-five
operators constructed from two SM fermions and two su-
perpartners which are generated via colour-triplet Higgs
mediation:
c1
MT
(Q˜Q˜)(LcQ) +
c2
MT
(u˜Rd˜R)(ecRuR) , (3)
where c1 and c2 are model-dependent coefficients sup-
pressed by Yukawa couplings and MT is the heavy colour-
triplet Higgs mass which is correlated to Λpd. These op-
erators are dressed via gluinos, charginos and neutrali-
nos which give rise to dimension-six operators [8–10].
The decay width with respect to these operators is sup-
pressed not only by M2T but also suppressed by Yukawa
3couplings, loop factors and SUSY-breaking scale. De-
pending on the model, the contribution to proton decay
from such SUSY GUT operators, particularly in the K+ν¯
channel, can be enhanced [31, 32] as compared with the
non-supersymmetric GUTs. This proton decay channel
will be constrained by DUNE which will have the capa-
bility to identify kaon tracks using its liquid argon time
projection chamber technology with a high efficiency [13].
As such, DUNE will be able to place the most com-
petitive constraint on this channel: τK+ν¯ & 5.0 × 1034
years at 90% C.L. Although JUNO has a smaller detec-
tor fiducial volume than DUNE or Hyper-Kamiokande,
it can reconstruct the kaonic decay channel with high
efficiency and will constrain τK+ν¯ & 3.0 × 1034 years at
90% C.L. [15]. The complementarity of these nucleon de-
cay searches in the upcoming large-scale experiments will
provide us with an unprecedented opportunity to probe
the ultra-high energy GUT scale (see e.g., Ref. [33]).
B. Gravitational Waves From Cosmic Strings.
The cosmological consequence of spontaneous symmetry
breaking from the GUT to the SM gauge group is the for-
mation of topological defects. These defects generically
arise from the breaking of a group, G, to its subgroup,
H, such that a manifold of equivalent vacua, M , exists
and is isomorphic to G/H. Monopoles form when the
manifold M contains non-contractible two-dimensional
spheres, cosmic strings when it contains non-contractible
loops and domain walls when the manifold is discon-
nected. Mathematically, they correspond to non-trivial
homotopy groups pi2(M), pi1(M) and pi0(M) 6= 1, respec-
tively [17]. Different GUT breaking chains result in dif-
ferent combinations of topological defects forming at var-
ious scales; these have been comprehensively categorised
in [16] where it was shown the vast majority of GUT
breaking chains produce cosmic strings.
Cosmic strings are a source of GWs as they actively
perturb the metric at all times. If cosmic strings form
after inflation they exhibit a scaling behaviour where the
stochastic GW spectrum is relatively flat as a function of
the frequency and the amplitude is proportional to the
symmetry breaking scale, Λcs. This feature singles out
cosmic strings as a uniquely high scale probe of the early
Universe. If the inflationary period has a crossover with a
stage of string formation, the standard expectation was
that the string network would be diluted to an unob-
servable extent. However, it was recently shown that
if cosmic strings form during inflation, the string net-
work can regrow to the extent that its associated GW
signal is observable [34]. The GWs are sourced when
the cosmic strings intersect to form loops. Cusps on
these strings emit strong beams of high-frequency GWs
or bursts. Bursts which are unresolved over time consti-
tute a SGWB while more recent bursts can be individu-
ally resolved.
In Fig. 2 we show sensitivities of various current and
future GW experiments alongside the predicted SGWB
for cosmic strings undiluted (solid curves) and diluted
(dashed curves) by inflation. The U(1) symmetry break-
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FIG. 2. The coloured (hatched) regions indicate future (com-
pleted) planned GW experimental limits. The predicted
SGWB for undiluted and diluted cosmic strings network are
shown by solid black and dashed blue lines respectively. The
U(1) symmetry breaking scale Λcs for the undiluted strings is
shown for Λcs = 10
10,11,··· ,15 GeV and for the diluted strings
Λcs = 10
14,15 GeV. z˜ denotes the redshift when strings return
to the horizon and the condition H(z˜)L(z˜) = 1 is satisfied.
ing scale Λcs = 10
10,11,··· ,15 GeV corresponds to Gµ '
0.7 × 10−18,−16,··· ,−8, respectively, where µ is the string
tension and G is Newton’s constant. We assume a stan-
dard cosmology and that the majority of the energy loss
of the cosmic string is dominated by gravitational ra-
diation rather than particle production.1 The applied
formulation of SGWB in both the undiluted and diluted
cosmic strings scenario is provided in Appendix A.
Applying these standard assumptions, a large range of
Λcs can be explored using ongoing and upcoming GW de-
tectors. LIGO O2 [39] has excluded cosmic strings forma-
tion at Λcs ∼ 1015 GeV in the high frequency regime 10-
100 Hz. While in low frequency band 10−9-10−8 Hz, the
null result of EPTA [40] constrains the upper bound of
Λcs below 10
14 GeV. Planned pulsar timing arrays such as
SKA [41], space-based laser interferometers such as LISA
[42], Taiji [43], TianQin [44], BBO [45], DECIGO [46],
ground-based interferometers such as Einstein Telescope
[47] (ET) and Cosmic Explorer [48] (CE), and atomic in-
terferometers MAGIS [49], AEDGE [50], AION [51] will
probe Λcs values in a wide regime 10
10-14 GeV. As the
spectrum of GWs produced via diluted cosmic strings de-
creases rapidly for f > 10−6 Hz, this allows them to be
distinguished from the undiluted cosmic strings as shown
in Fig. 2.
In addition to cosmic strings, all of the SO(10) break-
ing chains generate additional unwanted topological de-
fects such as monopoles and domain walls. These are in-
1 New physics, which triggers an early period of matter domina-
tion, can affect the SGWB [35–38].
4dicated in Fig. 1 by the red dotted arrows. These stable
defects are undesirable as they conflict with cosmolog-
ical observations and inflation is a promising means to
remove them. Consistent hybrid inflation models have
been achieved via GUT breaking [52, 53].
The scale of inflation, Λinf , is important as it inflates
away unwanted defects and can affect the GW signal.
The shape and magnitude of the inflaton potential are
imprinted in the primordial density perturbations which
can be characterised by the spectral index and the tensor-
to-scalar ratio in cosmic microwave background (CMB)
measurements, from which the upper limit on inflation is
Λinf < 1.6 × 1016 GeV (95% C.L., Planck) [54]. Future
CMB measurements can improve the upper limit of the
tensor-to-scalar ratio to 0.001 (95% C.L., CMB-S4) [55],
corresponding to Λinf < 5.7× 1015 GeV.
III. SYNERGY BETWEEN PROTON DECAY
AND GW MEASUREMENTS
There are several possible results of future proton de-
cay searches. A null result will place a new lower bound
on Λpd while the positive determination of proton de-
cay and its nature would allow deeper insight into the
GUT symmetry structure. Due to the relatively model-
independent nature of the operators shown in Eq. (2), the
following experimental results are of particular interest:
• Proton decay is observed in the pi0e+ channel. This
possibility provides an explicit link between Λpd
and the proton lifetime.
• Proton decay is observed in the K+ν¯ channel. This
process is dominantly associated with the SUSY
version of GUTs. However, this case provides a
weaker connection to Λpd due to the involvement
of the unknown SUSY-breaking scale.
The observation of GWs from cosmic strings is cru-
cially dependent on the scale of inflation. We consider
two possibilities:
• If string formation occurs after inflation, namely
Λcs < Λinf , a SGWB is generated from undiluted
strings and typical scaling behaviour is observed.
• A marginal situation occurs if string formation
takes place during inflation, namely Λcs ∼ Λinf , and
GWs from partly diluted strings may be observed
[34].
There is a third possibility: inflation occurs after cosmic
string formation, Λcs > Λinf . In this case, cosmic strings
are fully erased after inflation and no associated GW sig-
nal can be observed. This scenario offers relatively little
insight into the cosmological consequences of the GUT
symmetry and therefore we do not consider this possi-
bility further. From the synergy of experimental data
discussed in Section II (Λpd & 1015 GeV, Λinf < 1016
GeV and Λcs < 10
14 GeV) certain ordering of scales
are already excluded such as Λinf > Λcs ∼ Λpd and
Λinf & Λcs > Λpd.2 We first discuss the various scales
for the type (a) chain and then examine the remaining
breaking chains.
Type (a) breaking chain is shown in Fig. 1(a),
SO(10)→ SU(5)×U(1)X
Λpd
−→ GSM×U(1)X
Λcs−→ GSM , (4)
which is clearly characterised by Λpd > Λcs. In the non-
SUSY case, the main source of proton decay is provided
by operators on the first line of Eq. (2) and they give rise
to the pi0e+ channel. The K+ν¯ channel is also generated
but is suppressed by nuclear matrix element and CKM
mixing. The proton decay scale is given by Λpd = Λ1 =
g5/
√
2MV , where g5 is the SU(5) gauge coupling and MV
the heavy vector boson mass [4, 5].
In the SUSY case, the dimension-five operators of
Eq. (3) with specified coefficients, which are the same as
in the minimal SUSY SU(5) model and given in [10, 56–
58], are the main contribution to the channel p → K+ν¯
[9, 10]. The minimal SUSY SU(5) model exhibits a ten-
sion between the prediction of MT from gauge unification
and the lower bound constrained by Super-Kamiokande
via the K+ν¯ mode [29, 59]. For realistic models over-
coming this inconsistency, see, e.g., Ref. [31, 32].
We thus obtain the same scale ordering Λpd > Λcs
in both non-SUSY and SUSY versions. A cosmic string
network is produced at Λcs, which is a potential source
of GWs. However, the observational signal of such GWs
depends on the value of Λinf as follows.
In addition to the cosmic strings, monopoles are pro-
duced in the first and second steps of the breaking chain
as illustrated in Fig. 1(a). As discussed, to ensure the
GUT model is cosmologically feasible, inflation must oc-
cur to remove these defects. To achieve this, the infla-
tionary scale Λinf should not be higher that the second-
step breaking scale, i.e., Λpd, which coincides with the
lowest scale of unwanted defect production. Therefore,
there are three possible orderings of the relevant scales.
In the scenario, Λpd & Λinf > Λcs, proton decay may
be observed in conjunction with an undiluted GW sig-
nal. This is an ideal possibility from the experimental
perspective. In the case Λpd > Λinf ∼ Λcs, proton decay
may be observed in combination with a diluted GW sig-
nal. Finally, if Λpd > Λcs > Λinf , proton decay could be
observed but no associated GW signal is detected.
Type (b) is associated with flipped SU(5)×U(1) and
proton decay proceeds dominantly via the pion chan-
nel. As with the scenario of type (a), the string net-
work formation occurs in the final breaking step. This
case is characterised by Λpd ∼ Λcs, so that the scale of
proton decay and GW production is approximately the
same. Given the current limits on proton decay and GWs
(which implies Λpd & 1015 GeV and Λcs . 1014 GeV for
the undiluted cosmic string scenario) it may seem like
2 The latter ordering is not predicted by any breaking chain of
SO(10) but in enlarged symmetry groups. For example, in E6,
this ordering can arise [16].
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FIG. 3. GUTs constrained by observations of GWs and proton decays. Left panel: Current (hatched) and future (solid)
exclusion limits of energy scales of cosmic string formation, proton decays and inflation. The arrows indicate the future
experimental reach. Λpd ∼ Λ1 is approximated to simplify the discussion and the exclusion limit of Λcs is shown in the
undiluted case only. Right panel: Potential conclusions of GUT properties based on observations of GWs and proton decays
in next-generation experiments.
Λpd ∼ Λcs is already excluded. However, as before, the
observability of GWs depends on the scale of inflation
Λinf as we now discuss.
If the scale of inflation is high, then indeed the scale or-
dering Λinf > Λpd ∼ Λcs can already be excluded. How-
ever if it is lower, then Λinf ∼ Λpd ∼ Λcs remains viable as
the SGWB produced from diluted strings is suppressed
relative to the undiluted case. Given the sensitivities,
this ordering can be tested in the next generation experi-
ments. In the future, experimental limits on proton decay
and inflation may constrain Λpd > Λinf . Then Λpd ∼ Λcs
would imply Λcs > Λinf leading to the falsifiable predic-
tion that GWs from this model are unobservable.
Type (c) represents a complicated class of cases which
all have the common feature that proton decay is associ-
ated with the first step of symmetry breaking SO(10)→
G422, the Pati-Salam gauge group. In this chain, cosmic
strings are generated by the last step of breaking. Hence,
Λpd > Λcs here, as in type (a). As before, the observ-
ability of GWs depends on the scale of inflation Λinf , to
which we turn. The breaking of G422 results in the pro-
duction of unwanted defects at each stage of SSB prior
to the final breaking that produces the string network.
Therefore, Λinf must occur below the breaking of G422,
Λinf < Λcs. Apart from that, the scale ordering of this
class of models can be determined in a similar way to
type (a), (see previous discussion).
In order to distinguish between type (a) and (c) fur-
ther specification of the model and particle representa-
tions is required. From this, predictions of nucleon decay
branching ratios could be used as a means of differenti-
ation between the breaking chains (see Ref. [32] for an
overview). Furthermore, Λpd in type (c) chains can be
significantly higher than 1016 GeV if there are threshold
corrections from intermediate symmetries at low scale,
e.g., 1010-12 GeV [60, 61]. Such a low scale symmetry
breaking may be linked to the origin of neutrino masses
and leptogenesis. An observation of low scale GWs may
favour some specific breaking chains of this type. In sum-
mary, SGWB can be a useful means of disentangling the
scale ordering of type (a) and (c) but not in distinguish-
ing these two cases from each other, which will depend
on detailed information about proton decay channels.
Type (d) has the same SU(5) intermediate symmetry
as type (a) and therefore the similar predictions for pro-
ton decay as in type (a) but with Λcs > Λpd. However,
the inflation scale must be lower than the proton decay
scale Λpd > Λinf , since monopoles generated in the final
step of symmetry breaking must be inflated away. Unfor-
tunately this also inflates away the cosmic strings. Hence,
any associated GW detection via cosmic strings (diluted
or undiluted) would exclude this class of breaking chains
under our assumption the GW signal is associated to the
SO(10) breaking.
Our analysis is summarised in Fig. 3. In the right panel
we tabulate how observing proton decay via the pion
channel in conjunction with GWs can be used to exclude
or favour certain breaking chains and also provide infor-
mation on the scale ordering. The consequence of null
observations are not given in the table of Fig. 3. In the
event proton decay is not observed in the next generation
of neutrino experiments, the limit on the UV-complete
scale Λpd will be pushed even higher. On the other
hand, future non-observation of cosmic string-induced
GWs would suggest an inflationary era occurred after
cosmic string formation. In addition, improved CMB
measurements will allows more stringent upper bound for
Λinf to be placed which will in turn be an upper bound for
Λcs if cosmic strings are to be observed. This is schemat-
ically shown in the left panel of Fig. 3 where coloured
and hatched regions indicate current and future experi-
mental limits to probe these scales. For example, future
experiments may constrain Λpd > Λinf .
IV. SUMMARY AND CONCLUSION
We have proposed a strategy to use both proton de-
cay and gravitational waves (GWs) as a means of iden-
tifying possible breaking chains of Grand Unified The-
6ories (GUTs). We focus on SO(10) GUT models and
categorise them according to their symmetry breaking
patterns as shown in Fig. 1(a)-(d), corresponding to
SU(5) × U(1), Pati-Salam, flipped SU(5) × U(1) and
SU(5), respectively.
For each pattern of breaking, we compare the scale
of proton decay, Λpd, with the cosmic string formation
scale, Λcs. These scales can have important testable con-
sequences as they are related to the proton lifetime and
the generation of GWs via cosmic strings. Observations
of proton decay and GWs can be used to constrain the
scales Λpd and Λcs, respectively. The determination of
these scales, in particular their ordering, provides useful
information in assessing the viability of a given class of
breaking chains within SO(10) GUTs.
Our results are summarised in Fig. 3. In particu-
lar, such observations could exclude SO(10) breaking via
flipped SU(5) × U(1) or standard SU(5), while break-
ing via a Pati-Salam intermediate symmetry, or standard
SU(5) × U(1), may be favoured if a large separation of
energy scales associated with proton decay and cosmic
strings is indicated.
In conclusion, we are entering an exciting era where
new observations of GWs from the heavens and pro-
ton decay experiments from under the Earth can pro-
vide complementary windows to reveal the details of the
unification of matter and forces at the highest energies.
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A. NUMERICAL METHOD TO CALCULATE
GWS FROM COSMIC STRINGS
We list numerical methods to calculate the SGWB re-
leased from cosmic strings. Those from the general undi-
luted cosmic strings and from inflation-diluted ones will
be considered separately.
1. GWs via undiluted cosmic strings. We follow
[36] to estimate the emission of stochastic gravitational
wave background (SGWB) from cosmic string scaling.
Considering ideal Nambu-Goto strings, the dominant ra-
diation emission is in the form of GWs. The large loops
give the dominant contribution to the GW signal and
therefore, we focus on them. The initial large loops have
typical length li = αti with α ∼ 0.1 and ti the initial
time of string formation. The length of loops decreases
as they release energy to the cosmological background,
l(t) = αL(ti)− ΓGµ(t− ti) . (A1)
Frequencies of GW released from the loops are given by
2k/li where k = 1, 2, · · · .
We denote the Λcs as the scale of symmetry breaking
leading to GW. The tension of the string (energy per unit
length) µ is typical taken to be Λ2cs. After strings form,
loops are found to emit energy in the form of gravita-
tional radiation at a constant rate
dE
dt
= −ΓGµ2 , (A2)
where numerically Γ is found to be Γ ≈ 50 [62–64].
Assuming the fraction of the energy transfer in the
form of large loops is Fα, the relic GW density parameter
is given by
ΩGW(f) =
1
ρc
dρGW
d log f
. (A3)
This can be written as a summation of mode k
ΩGW(f) =
∑
k
Ω
(k)
GW(f), (A4)
with
Ω
(k)
GW(f) =
1
ρc
2k
f
FαΓ(k)Gµ2
α(α+ ΓGµ)
(A5)∫ t0
tF
dt
Ceff(t
(k)
i )
t
(k)4
i
a2(t)a3(t
(k)
i )
a5(t0)
θ(t
(k)
i − tF ), (A6)
where ρc is the critical energy density of the Universe
given by
Γ(k) =
1
3.6
Γk−4/3,
t
(k)
i =
1
α+ ΓGµ
(
2k
f
a(t)
a(t0)
+ ΓGµt
)
, (A7)
Ceff is numerically obtained as Ceff = 5.7, 0.5 [64–66] for
radiation and matter domination, respectively, and tF is
the time of string network formation.
2. GWs of inflation-diluted cosmic strings. Our
assumptions follow those outlined in [34] where it is as-
sumed during inflation the Hubble expansion rate is con-
stant with H = HI ≡
√
VI/3M2Pl with VI = Λ
4
inf and MPl
the reduced Planck mass.
Cusps on string loops lead to bursts of GWs, which
can potentially be resolved as individual events [67–70] 3.
Assuming the correlation length of strings as L, together
with the speed of string v¯, satisfy
dL
dt
= (1 + v¯2)HL+
c˜v¯
2
,
dv¯
dt
= (1− v¯2)
[
k(v¯)
L
− 2Hv¯
]
, (A8)
where c˜ ≈ 0.23 parametrises the loop chopping efficiency
[72] and
k(v¯) =
2
√
2
pi
(1− v¯2)(1 + 2
√
2v¯3)
(
1− 8v¯6
1 + 8v¯6
)
. (A9)
3 Kinks also leads to bursts of GWs but subdominant [64, 71],
which will not be considered here.
7During inflation, the solution is simplified to
L(t) = LF e
HI(t−tF ) ,
v¯(t) =
2
√
2
pi
1
HIL(t)
, (A10)
where LF = L(tF ) is the initial condition, and tF is the
network formation time (assuming it happens after the
beginning of inflation). Inflation results in the string out
of horizon HL  1. After inflation ends, HL reduces
and eventually evolves back to the horizon. We denote
z˜ as the redshift when strings returns to the horizon,
H(z˜)L(z˜) = 1.
The rate of bursts per volume per length d2R/dV dl ob-
served today can be transferred to the rate of per redshift
per waveform as
d2R
dz dh
(h, z, f) =
23(q−1)piGµNq
2− q
r(z)
(1 + z)5H(z)
n(l, z)
h2f2
,
(A11)
where h is the waveform, r(z) =
∫ z
0
dz′/H(z′) is the
proper distance to the source and q = 4/3 for cusps.
During the inflationary era, r(z) is simplified to r(z) =
rR + (z − zR)/HI, where rR = r(zR) represents the re-
heating period in the end of inflation.
n(l, t) is the differential number density of long loops
per unit length given by
n(l, t) =
Fα√
2
(z(t) + 1)3/(z(ti) + 1)
3
αdL/dt|t=ti + ΓGµ
c˜v¯(ti)
αL4(ti)
, (A12)
where l is the length of string given in Eq. (A1). l is cor-
related with the waveform of loops h. Given the redshift
z, the frequency f and h, l is determined to be
l(h, z, f) =
(
fq(1 + z)q−1h
r(z)
Gµ
)1/(2−q)
(A13)
for cusps.
From this correlation, one can determine ti for given t,
h and f . In order to ensure a solution for ti, l(h, z, f) <
αL(z) is satisfied, it is equivalent to to setting an upper
bound value of h. Furthermore, the above formulas are
valid only for small angle radiation, i.e., θm = 1/(fl(1 +
z))1/3 < 1, which provides a lower bound value of h. In
summary, h is restricted in the interval (hmin, hmax) with
hmin =
1
(1 + z)f2
Gµ
r(z)
, (A14)
hmax =
[αL(z)]2−q
(1 + z)q−1fq
Gµ
r(z)
. (A15)
Bursts contribute to the SGWB as
ΩdilutedGW (f) =
1
ρc
pi
2
f3
∫ ∞
z∗
dz
∫ hmax
hmin
dhh2
d2R
dzdh
(h, z, f) ,
(A16)
where z∗ enforces the rate condition and solved via
f =
∫ z∗
0
dz
∫ hmax
hmin
dh
d2R
dz dh
(h, z, f) . (A17)
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